The interaction between phonons and photons is investigated theoretically in a phoxonic cavity inside a corrugated nanobeam waveguide presenting band gaps for both electromagnetic and elastic waves. The structure is made by drilling periodic holes on a silicon nanobeam with lateral periodic stubs and the tapered cavity is constructed by changing gradually the geometrical parameters of both the holes and stubs. We show that this kind of cavity displays localized phonons and photons inside the gaps, which can enhance their interaction and also promotes the presence of many optical confined modes with high quality factor. Using the finite-element method, we demonstrate that with appropriate design of the tapering construction, one can control the cavity modes frequency without altering significantly the quality factor of the photonic modes. By changing the tapering rates over the lattice constants, we establish the possibility of shifting the phononic cavity modes frequency to place them inside the desired gap, which enhances their confinement and increases the mechanical quality factor while keeping the strength of the optomechanic coupling high. In our calculations, we take account of both mechanisms that contribute to the acousto-optic interaction, namely photoelastic and interface motion effects. We show that in our case, these two effects can contribute additively to give high coupling strength between phononic and photonic cavity modes. The calculations of the coupling coefficient which gives the phonon-photon coupling strength give values as high as 2 MHz while photonic cavity modes display quality factor of 10 5 and even values up to 3.4 MHz but with smaller photonic quality factors.
The interaction between phonons and photons is investigated theoretically in a phoxonic cavity inside a corrugated nanobeam waveguide presenting band gaps for both electromagnetic and elastic waves. The structure is made by drilling periodic holes on a silicon nanobeam with lateral periodic stubs and the tapered cavity is constructed by changing gradually the geometrical parameters of both the holes and stubs. We show that this kind of cavity displays localized phonons and photons inside the gaps, which can enhance their interaction and also promotes the presence of many optical confined modes with high quality factor. Using the finite-element method, we demonstrate that with appropriate design of the tapering construction, one can control the cavity modes frequency without altering significantly the quality factor of the photonic modes. By changing the tapering rates over the lattice constants, we establish the possibility of shifting the phononic cavity modes frequency to place them inside the desired gap, which enhances their confinement and increases the mechanical quality factor while keeping the strength of the optomechanic coupling high. In our calculations, we take account of both mechanisms that contribute to the acousto-optic interaction, namely photoelastic and interface motion effects. We show that in our case, these two effects can contribute additively to give high coupling strength between phononic and photonic cavity modes. The calculations of the coupling coefficient which gives the phonon-photon coupling strength give values as high as 2 MHz while photonic cavity modes display quality factor of 10 5 and even values up to 3. 
I. INTRODUCTION
The design of highly dispersive media to control the propagation of both electromagnetic and acoustic waves has received increasing interest during the last few years. This particularly concerns periodic structures called photonic [1, 2] and phononic [3] [4] [5] crystals which have respectively the capability to control and manipulate light and sound waves. These periodic structures can exhibit absolute band gaps that make them very efficient tools for wave energy trapping and guiding, opening the possibility for many potential applications in wave guiding, filtering, confinement, and sensing. Recently, there have been a growing interest in the so-called Phoxonic crystals (PxC) which exhibit simultaneously photonic and phononic band gaps [6] [7] [8] [9] [10] [11] [12] [13] , thus allowing the confinement of both excitations in a cavity or a waveguide which is the necessary condition to enhance their interaction for the purpose of acousto-optic (AO) interaction [13] [14] [15] [16] [17] . Phoxonic crystals can be then promising as optomechanical structures where AO coupling can be enhanced to provide new ways for controlling light with acoustic waves.
AO interaction has been widely studied in different optomechanical structures. High quality cavities in slabs have been designed and proven to be efficient to provide strong phononphoton coupling. Safavi-Naeini et al. [18] observed a strong AO coupling between co-localized resonant phonons and photons inside a well-tailored tapered linear cavity in a silicon slab. Using membrane acoustic wave, Fuhrman et al. [19] were able to demonstrate experimentally the acoustic modulation of the optical wavelength of a confined mode inside a cavity. Other works have reported theoretically and experimentally on strong AO coupling inside the optomechanical slab cavity [20] . AO coupling has also been studied in nanobeams where strong interaction between phonon and photons has been evidenced both in theory and experiments. Eichenfield et al. [21, 22] fabricated an optomechanical silicon nanobeam with periodic design shape in which localized phonons and photons created inside a cavity defect provide strong AO coupling. Recently, Chan et al. [23] studied the phonon-photon interaction in a tapered strip nanobeam with holes. Most of these works involve photonic cavity modes without necessarily trapping localized phononic modes in a cavity using complete band gap. We have recently demonstrated that high phonon-photon coupling can be achieved by localizing the modes inside the gaps [17] using a cavity in a two-dimensional (2D) infinite PxC and that the modes' symmetry is important and must be taken into account when looking for the suitable coupling of a pair of phonon and photon [24, 25] . In fact, we have found out that whatever the symmetry of the photonic mode, the coupling occurs only if the acoustic mode displays even symmetry wave field distribution with respect to the cavity geometrical shape [24, 25] . We pointed out this condition both in 2D infinite and slab phoxonic cavities with different shapes.
Another important feature in the optomechanical device is the quality factor (QF) for both phononic and photonic cavity modes involved in the AO interaction. In the experimental The radius of the holes, the thickness of the nanobeam, the stubs' length and width are respectively denoted r, e, L, and d and fixed to r = 0.3a, e = 0.44a, L = a, and d = 0.5a, where a is the lattice parameter fixed to 500 nm. (b) Nanobeam's phononic band structure for wave propagation in x direction, in which we highlighted the modes with the symmetry EO, EE, OO, and OE in green, red, purple, and blue colors respectively. The gray region indicates the absolute band gap.
point of view, a high QF cavity photon is needed to achieve and observe optomechanical coupling [23, 26] . The design of cavities providing such a property is a challenging task and has been the object of many conceptual and technological works [27] [28] [29] [30] [31] [32] . In all the previous works on optomechanical structures, smart designs of photonic cavities have been proposed for high QF photonic cavity modes as it is the basement of efficient experimental coupling characterization.
In this work we study theoretically the AO interaction in cavity defects created inside a corrugated phoxonic nanobeam with periodic holes [ Fig. 1(a) ]. Indeed, we have shown that the holes and the corrugations are respectively favorable to create the photonic and phononic band gaps [33] , so this structure is suitable to provide simultaneous phononic and photonic gaps. Furthermore, both confined acoustic and optical modes can be found even within a simple cavity obtained by creating a silicon space between two holes [33] . However, the quality factor of the confined optical modes in such a simple cavity remained poor (less than 10
3 ). So, we proposed a tapered cavity in which the period and hole sizes are changed progressively over several cells from the perfect crystal towards the cavity center. The fabrication of such samples allowed finding confined modes with very high acousto-optic coupling rates and quality factors (QFs) [34] . An interesting feature of the present paper is to investigate more elaborate geometries and design of the tapered cavity in the above nanobeam such that the phononic modes fall inside appropriate band gaps. We make a careful analysis of the acoustic modes' symmetry to identify those giving the best optomechanical coupling inside the gaps. More particularly, we shall discuss how the frequencies of the localized phonons can be tuned by changing the size of the stubs in the tapered cavities to make them fall into a partial band gap with the appropriate symmetry or even into a complete band gap. In Ref. [21] (see supplementary information therein) Eichenfield et al. shows that modes coupling between localized and leaky phonon modes can significantly limit the mechanical quality factor. The aim of the proposed structures here is to design cavities that ensure the confinement of the phononic modes while preventing their leakage out of the cavity and, in parallel, keeping or improving the strength of the optomechanical coupling.
Two mechanisms contribute to the optomechanic interaction, namely the photoelastic effect and the deformation of the interfaces due to the acoustic strain. Our calculations take account of both mechanisms and estimate the strength of the AO coupling in two different but complementary ways. The first one is the calculation of the so-called coupling coefficient based on the overlap between the acoustic and optical fields [23] [24] [25] . In the second method, we calculate the modulation of the photonic cavity mode due to the acoustic mode. Namely, the wavelength of the photonic mode in the deformed cavity is calculated at several instants of the acoustic period as we have described in recent previous works [17, 18, 28] . Based on our recent works [24, 25] , we have shown that only phononic modes which are of even symmetry with respect to both symmetry planes of the nanobeam (one horizontal and one vertical plane) are suitable to provide nonvanishing optomechanical interaction, thus allowing the search of confined modes inside gaps of particular even symmetry rather than only in the absolute band gaps.
The paper is organized as follows: in the first section we remind of the phoxonic strip waveguide structure as well as the band gaps that can provide for different phononic and photonic modes with specific symmetry of the nanobeam. Section II presents our tapering design of the cavities with the investigation of the existing confined phonons and photons modes inside the band gaps. Section III makes the investigation of the AO coupling involving both photoelastic PE and moving interface (MI) effects by using two approaches to estimate their strength contributions in the whole optomechanical coupling. AO coupling results are presented and discussed for different kinds of tapered nanobeam cavities. We finish this paper by highlighting the main conclusions over the obtained results.
II. PHOXONIC STRIP WAVEGUIDE
The phoxonic structure studied in this paper is made up of a straight silicon nanobeam waveguide combined with a periodic repetition of symmetric parallelepiped stubs grafted on each side and circular holes drilled in the middle [see Fig. 1(a) ]. It was demonstrated that this strip waveguide provides simultaneously an absolute phononic band gap and a partial photonic gap for modes having the electromagnetic fields with symmetry odd and even respectively with respect to the symmetry planes (xz plane) and (xy plane) [ Fig. 1(a) ] [33] . The photonic modes with this specific symmetry will be called OE modes (odd-even). In this whole study, the lattice parameter is fixed to a = 500 nm and the other geometrical parameters were chosen [see Fig. 1 (a)] to make the OE photonic wavelength gap range from 1486 to 1855 nm. We remind also that the photonic modes we are dealing with are transverse magnetic (TM) like waves as their electric field is mainly in the x-y plane and their magnetic field is along the perpendicular direction z.
In the phononic band structure presented in Fig. 1 (b), we have highlighted with different colors the elastic modes having specific symmetry along the two symmetry planes ' and of the strip waveguide. The mode having even (E) symmetry with respect to and odd (O) symmetry to are called EO modes and are indicated in green in the band structure. We distinguish also the modes EE (even to and even to ), OO (odd to and odd to ), and OE (odd to and even to ) presented in red, purple, and blue colors respectively in Fig. 1(b) . We can then notice the absolute band gap which ranges from 3.54 to 4.11 GHz indicated by the gray region in the figure. We can also distinguish partial gaps associated to each symmetry OO, EE, OE, or EO of the modes. The reason behind this symmetry distinction between the modes is important when searching for acoustic modes that can couple with the photonic modes OE studied here.
To make this phoxonic structure more useful as an optomechanical tool, we have conducted a study over the design of a new phoxonic cavity capable of confining both electromagnetic and acoustic waves inside the gaps to enhance their interaction together with a high QF.
Regarding the finite-element method, we used Comsol Multiphysics software to calculate the band structures and optical and acoustic wave fields of the trapped cavity modes. From these results, a script allows the calculation of coupling coefficients using the expressions reported by Chan et al. [23] . Concerning the OM coupling evaluation from the modulation of the photonic cavity mode's wavelength during one acoustic period, we used also the finite-element method to calculate the monochromatic steady-state photonic mode by applying a given acoustic strain field. The acoustic period is sampled into several time steps, and the photonic cavity modes are calculated in the perturbed structure at each time step. This procedure enables us to obtain the evolution of the photonic mode wavelength during one acoustic period. The finite-element method was also used to perform optical and mechanical transmission calculation for the QF evaluation.
III. TAPERED PHOXONIC CAVITY
To achieve high QF phoxonic cavity, a tapered cavity was constructed where the size of the unit cell is varying progressively from the center of the cavity towards both sides. More precisely, the unit cell at the center of the cavity is smaller than the normal unit cell in the crystal and then the sizes of the neighboring unit cells progressively increase from the cavity center towards each side to reach the normal unit cell [ Fig. 2(a) ]. It was demonstrated that this kind of constructive cavity can be very efficient to increase the QF of the trapped light [32, 35] . In this section, we present the design of such a tapered cavity when the center of the cavity is in between two holes [ Fig. 2(a) ] and the lattice parameter decreases with a parabolic shape as shown in Fig. 2(b) . In this example, two different parabolic taperings, called α and β [ Fig. 2(b) ], are presented. For all these tapered phoxonic cavities, the radius of the holes as well as the width of the lateral stubs are decreased from cell to cell successively as the periodicity decreases according to the relation r = 0.3a and d = 0.5a, where r is the holes' radius and d the stubs' width [ Fig. 1(a) ].
First, we investigate inside the photonic gap the OE modes that are confined within the cavity and display a high QF. For the two above cavities, at least six photonic cavity modes were found with OE symmetry and having TM-like polarization. In the following, we shall only focus on one of them that gives the most relevant results in terms of AO interaction strength. Figure 3 presents the distribution of the electric and magnetic fields of this photonic mode as well as the transmission coefficient through the nanobeam with tapering α and β.
As we can see from Fig. 3(a) , the considered TM-like photonic cavity mode is well confined inside the tapered region of the structure. It has an even symmetry along the y-z plane cutting the middle of the cavity in between two holes. Transmission calculations allow an estimation of the QF of the photonic mode for the two considered taperings α and β. In the case of tapering α, the photonic mode is located at exactly 1550.4 nm with a QF of 2 × 10 5 whereas the same mode is found at 1500.68 nm in the case of tapering β with higher QF of 3.54 × 10 5 . These values of QF are less than 10 7 reported in previous works [18, 21, 23] but remain highly sufficient for experimental characterization [34] . One can then notice that the change in tapering gives the possibility of shifting the wavelength of the optical mode while the QF remains high. This can be explained by the change of the effective optical index inside the cavity which is higher in the center of the cavity in the case of tapering β as compared to tapering α.
To study the AO interaction in the case of this photonic cavity mode, we calculate the phononic dispersion and focused on localized acoustic modes inside the tapered defect that gives the strongest AO coupling.
IV. ESTIMATION OF THE OPTOMECHANIC COUPLING
The AO coupling is quantified theoretically by calculating the photonic wavelength shift caused by the structure mechanical motion introduced by the phonon. This shift is estimated by taking into account both mechanisms that contribute to the coupling, namely the photoelastic (PE) effect and the moving interfaces (MI) effect as we pointed out before [17, [23] [24] [25] 36] . We remind that the PE effect is a result of the acoustic strain inside the silicon bulk which changes the dielectric permittivity while the MI mechanism comes from the dielectric permittivity variation in the vicinity of the silicon-vacuum boundaries caused by their acoustical motion. Also, the strength of the phonon-photon coupling is estimated by two equivalent approaches for both PE and MI effects: the time modulation of the photon frequency by the phonon where the AO coupling strength given by the amplitude of photonic wavelength modulation by the acoustical motion, and the coupling coefficients calculation which quantifies the photonic frequency shift induced by the zero-point motion of the mechanical field of the phonon for each PE and MI effect [17, 24, 25, 36] . For the coupling coefficients, the OM quantification is done using the formulations given by Chan et al. [23] for the two effects:
where U is the normalized displacement field (max U = 1), n is the outside normal to the boundary, E is the electric field, and D is the electric displacement field. ε is the dielectric permittivity, ε = ε silicon − ε air and ε −1 = ε
air . δε ij = −ε 0 n 4 p ij kl S kl , where p ij kl are the photoelastic tensor components, n is the refractive index of silicon, and S kl the strain tensor components. ω and are the optical and acoustic frequencies respectively and M eff is the effective motional mass related to the normalized acoustic displacement field by M eff = ρ V U 2 dV , where ρ is the silicon density. The total optomechanical coupling coefficient g is then given by
Furthermore, using the symmetry of the structure, we have shown that only acoustic modes having even symmetry wave field can couple to the photonic modes. So in our case, the phononic modes with EE symmetries with respect to the planes and [ Fig. 1(a) ] are to couple with the optical modes, in particular in the case of OE photonic modes considered in the previous section.
Besides the symmetries with respect to the planes and , the cavity displays also another symmetry plane, namely the plane y-z, which is perpendicular to the nanobeam at the cavity center. Again, a nonvanishing AO coupling requires that the phononic mode have an even symmetry with respect to this plane, so we can refer to it as an EEE mode. Our study focuses then only on the EE phononic cavity modes having this specific supplementary symmetry criterion in the range of 1 to 6.5 GHz. Figure 4 (a) reminds the band structure of the perfect nanobeam in which we highlighted in red the phononic modes having EE symmetry. Three gaps for this symmetry are found which are indicated by red shaded regions between 1 and 6.5 GHz. Let us notice that only the gap BG2 overlaps with the absolute band gap. In the following, we focus only on the case of cavity with tapering α as the same conclusions hold for the tapering β.
We searched for all existing confined EEE phononic modes within the cavity and found several of them that can couple with the photonic mode with a total optomechanical coupling coefficient less than 0.6 MHz apart from one phonon which gives the highest coupling evaluated at 2.324 MHz with 0.744 and 1.58 MHz contributions of the MI and PE effects respectively [ Fig. 4(b) ]. This coupling rate value is in the order of high coupling rates reported in previous works (2π × 292 kHz [18] ; 2π × 320 kHz [26] and 2π × 860 kHz [23] ). The sign of the coupling coefficient is very important to know whether the photoelastic and the interface motion mechanisms contribute in phase or out of phase to the total optomechanic coupling for each phonon-photon pair. However, it does not have any meaning when comparing between two phonon-photon pairs.
This confined phonon found is located at 2.46 GHz which is not inside any of the three gaps related to EE symmetry modes highlighted in Fig. 4(a) ; this means that we have here a resonant mode rather than a localized cavity mode and, in turn, its quality factor is relatively poor, equal to 1.3 × [21] ) found in their structure. So, below we shall change the tapering of the cavity to push this mode inside a phononic gap. Especially, it is worthwhile noticing that the high AO coupling rate of this mode is probably related to the shape of the displacement field, namely a breathing motion of the stubs located around the center of the cavity which move all in phase.
In addition to the calculation of the coupling coefficients, we also show in Fig. 4(b) the modulation of the photonic cavity mode wavelength by the phononic mode at several selected instants along half of the acoustic period (0 < t < π where is the acoustic frequency) as the other half (i.e., π < t < 2π ) can be deduced by symmetry. This equivalent method described in the beginning of this section is applied to both MI and PE effects and gives a clear description of how the photonic wavelength is shifted by the acoustic strain. We also point out that, for the sake of the numerical simulations, we have fixed the maximum value of the strain to 1%. As we have explained in [25] , this 1% value of the strain is relatively large as compared to more realistic values of 0.01% to 0.001% that can be expected from an acoustic source exciting the phononic cavity mode, but the photon frequency modulation is proportional to this value as far as the phonon-photon coupling is a first-order process. From Fig. 4(b) , the calculation method shows that we are in the presence of a sinusoidal modulation of the photonic wavelength along the phononic vibration period with 7.2-and 3-nm amplitudes for PE and MI effects respectively. This makes a total of 10.2-nm amplitude in the wavelength shift for 1% maximum strain. Then, we can deduce that this shift will be in the order of 0.1 nm (0.01 nm) for a 0.01% (0.001%) strain. Furthermore, as we compare the g MI /g PE with the ratio λ MI / λ PE between the amplitudes of the optical wavelength modulation of the two effects, we can find then good agreement between the coupling coefficients calculation and the time acoustic modulation of the photonic wavelength. Let us notice that the modulation amplitude is given here in units of nm which is suitable to compare the shift of the photonic mode with its width and location which are usually expressed in nm. In contrast, the coupling coefficient derived in the previous section was expressed in MHz which is suitable for comparison with the values usually reported in the literature. Obviously, one can relate the wavelength unit with the frequency unit by using the relation ω = 2πc/λ. Nevertheless, as concerns the orders of magnitude reported above, it is worth mentioning that in the literature, the coupling coefficient generally defines the shift of the photonic mode imparted to the zero-point motion of an effective oscillator, whereas in the calculation of the modulation, an arbitrary value of the acoustic strain is assumed.
One can define a figure of merit by dividing the total OM coupling coefficient by half of the full width at half maximum (FWHM) of the photonic mode peak, so as to have a quantitative estimation of the photonic peak shift compared to its width. The absolute value of this quantity is not meaningful due to the arbitrariness of the acoustic strain chosen for the calculation, but it may be useful for the sake of comparison between different structures. We will denote this ratio as FOM in the paper. For the case of photon-phonon pair of Fig. 4 for instance, we obtain a ratio of 4.67 × 10 −3 . As mentioned above, to increase the confinement of the resonant phononic mode at 2.46 GHz as well as its quality factor, it is necessary to shift it inside one of the EE symmetry gaps. The most suitable would be to shift it downwards inside the nearest gap called BG1 which is a gap of EE symmetry although it is not a complete gap. Below, we also briefly discuss the possibility of shifting this phononic mode towards the complete band gap BG2 situated at a much higher frequency (around 4 GHz). We considered then a new tapered cavity by changing gradually not only the periods' and holes' radii from the cavity center as in Fig. 2 , but also by increasing this time the lateral stubs' heights from the side of the cavity towards the middle as presented in Fig. 5 , knowing that the acoustic mode dispersion depends strongly on the stub height.
For the new tapered cavity presented in Fig. 5 , we have performed the same photonic investigation as in the previous structure presented in Fig. 2 . The photonic mode we are dealing with in this case keeps the same field distribution as the one studied before. However, the stub tapering makes its wavelength to be located at 1605.2 nm instead of 1550.4 nm found in the first structure with tapering α. The QF of this mode is estimated at 1.75 × 10 5 in this case. Regarding the acoustic dispersion behavior of this new cavity, we also searched for the new localized phononic modes that can have strong coupling with the photonic cavity mode. Figure 6 summarizes the obtained results as we point out the main phononic cavity modes found that couple strongly with the photon and their total corresponding AO coupling coefficients.
In the case of this new structure, we found three phononic cavity modes with EE symmetry giving the highest coupling coefficient with the studied photonic mode. These modes are presented in Fig. 6(a) and are localized inside the gaps corresponding to their EE symmetry. In fact, the wave field of the lowest phononic mode located at 2.08 GHz which is inside the band gap BG1 looks like the localized mode found in the case of the previous structure at 2.46 GHz less confined and outside the gap (Fig. 4) . So, as we tapered the stubs of the cavity, we were able to shift down this particular phononic mode to lower its frequency (i.e., from 2.46 to 2.08 GHz) inside the gap BG1 and make it more efficiently confined. Acoustic transmission calculation showed that its acoustic QF is increased to more than 3 × 10 6 . Furthermore, two other confined EE acoustic modes were found at higher frequencies inside the gap called BG3 at 5.34 and 5.49 GHz with high AO coupling coefficients of about 1.2 and 1.064 MHz respectively [see Fig. 6(b) ]. The QF of these two defect phononic modes is higher than 10 6 . We can then conclude that localizing phononic modes inside the gap promote having better confinement for high acoustic QF with strong AO coupling. We remind of the fact that the phoxonic cavity studied here gives six well localized OE photonic cavity modes inside the gap with high QF. We found out that the same phononic modes indicated in Fig. 6 can couple strongly with all these photonic modes as the calculation of the coupling coefficients showed. The example presented in Fig. 7 gives the results of the modulation of two OE photonic modes' wavelength by the phononic cavity mode at 2.08 GHz inside the gap BG1 indicated in Fig. 6 for a 1% maximum strain. We have also given the coupling coefficients' values in the same figure for the sake of comparison between the two methods used for the estimation of the AO coupling strength.
As we can see in Fig. 7 , the two photons presented here couple strongly with the phononic cavity mode at 2.08 GHz with coupling coefficient higher than 2 MHz which is in the same order of high coupling rates reported in previous works [18, 26, 23] . The calculations show that we are in the presence of a sinusoidal modulation of the photonic wavelength by the two MI and PE effects which contribute additively in the total AO interaction. Furthermore, one can notice that the PE effect is the strongest with at least 70% contribution in the total AO coupling effect compared to the MI effect for the photon at 1605.2 nm and 60% in the case of photon at 1596.7 nm. Furthermore, as we compare the g MI /g PE with the ratio λ MI / λ PE between the amplitudes of the optical wavelength modulation of the two effects, good agreement can then be found between the coupling coefficient calculations and the time acoustic modulation of the photonic wavelength and their additive contribution in the total AO interaction.
For the sake of optomechanic comparison between the two photonic modes, we calculate the ratio FOM which is found to be of 3.95 × 10 −3 for the mode at 1605.2 nm while it is of 12.48 × 10 −3 for the photon at 1596.7 nm. One can then see from Fig. 7 that even if the total coupling coefficient is a little higher in the case of photon 1605.2 nm than the one of photon 1596.7 nm, the latter has higher FOM (three times higher).
And this is understandable as the QF of this mode is 4.88 × 10 5 which is more than twice higher that the QF of the mode at 1596.7 nm (1.75 × 10 5 ). Then, one can make the comparison of the optomechanic strength between the photon-phonon pairs by evaluating the defined figure of merit FOM quantity. The latter becomes small if the photonic mode has low QF and/or low optomechanic coupling.
In the above discussion, the phononic mode with a high AO coupling rate was pushed downwards inside the BG1 gap which is a partial gap with EE symmetry. However, in practice, such a phononic mode may present a leakage out of the cavity due to unwanted imperfections resulting from the microfabrication processes that cannot be avoided and produce a departure from a perfect symmetrical structure. For this reason, having a localized phononic mode inside a complete gap would be desirable (see Gomis-Bresco et al. [34] ). In the following, we show an example of the tapered cavity where the mode at 2.46 GHz has been pushed upwards inside the complete BG2 gap. The drawback is that because this gap is relatively far from the original phononic mode, the tapering of the cavity should be realized with a faster variation of the parameters and therefore the quality factors of the corresponding photonic modes become much lower than in the previous example.
The tapered cavity considered here consists of decreasing gradually the heights of the stubs at the same time that we change the lattice parameter and holes radii (Fig. 8) .
In this structure, a photonic mode with the same field characteristics as those presented in Figs. 3(a) and 6(b) appears now at 1538.2 nm with a quality factor estimated around 3 × 10 3 . Figure 9 gives the phononic modes appearing inside the complete gap, together with the maps of their displacement field and their AO coupling rates with the photonic mode. The phononic mode corresponding to the breathing motion of the stubs at the cavity center happens now at 3.94 GHz and gives rise to a high AO coupling coefficient of 3.4 MHz. Two other localized modes exist also in the band gap with lower AO coupling. For all these phononic modes, the QF is higher than 10 6 and the main contribution to the AO coupling comes from the photoelastic mechanism whereas the MI effect remains relatively small.
Finally, let us point out that the phoxonic cavity studied in this paper has its center between two holes, but it could be also possible to consider the other case where the cavity is constructed such that its center coincides with the center of the hole while adopting the same tapering. In fact, we have performed similar calculations for this geometry by considering the same tapering configuration over the unit cells of the cavity. We showed that we can find new OE optical modes with high QF (over 10 5 ) inside the photonic gap. In addition, the same symmetry analysis demonstrates that only phononic cavity modes with EEE symmetry can couple strongly with the photonic modes. Equivalent results were obtained in this case in which we found a similar EEE phononic mode giving strong AO coupling, shifted from 2.5 GHz outside the gap (no tapering over the stubs height) into 2.079 GHz inside the BG1 gap by tapering the cavity over the stubs' height. For example, this acoustic cavity mode gives total AO coupling coefficients of 2.46 and 2.23 MHz respectively for two photonic cavity modes located at 1601.6 and 1611.7 nm.
V. CONCLUSIONS
In this paper, we have investigated the AO interaction in a corrugated phoxonic silicon nanobeam presenting band gaps both for photonic and phononic modes. By creating a well-designed tapered cavity, we were able to create highly confined phononic and photonic modes with high QF inside the gap which can then enhance their AO interaction. We have shown that this tapering can be adjusted to shift either the photon wavelength or the phonon frequency of interest in the suitable targeted wavelength or frequency range which can be useful for experimental AO phenomena observation and characterization. In fact, by changing the tapering rates over holes and the stubs, we have shown that optical modes' wavelength can be shifted, and acoustic modes' frequency can be tuned to place them inside the desired gap by changing the height of the stubs. This allows more confinement to reach a high mechanical quality factor (more than 10 6 ). Regarding the AO coupling, particular attention was drawn to the symmetry of the acoustic modes to focus only on the ones that can couple strongly with the trapped photonic modes, namely phononic modes having even symmetry wave fields with respect to the geometry's symmetries. The AO coupling was studied in the case of two photonic modes and its strength was estimated by means of two methods: the calculation of the coupling coefficients in one hand, and the acoustic modulation of photonic wavelength that gives a sinusoidal shape along the acoustic period on the other hand. Good agreement was found by these two methods. High coupling rates were found of 2 MHz with photonic cavity modes displaying QF of 10 5 and even values up to 3.4 MHz but with smaller photonic quality factors. The phoxonic strip waveguide offers many possibilities to tune the photonic wavelengths and phononic frequency modes inside the complete band gap to increase the confinement efficiency and overcome wave leaky problems caused by the microfabrication imperfection. It can then serve as an efficient optomechanical tool for electromagnetic waves control by phonons.
